We present an asymptotic description of local minimization problems, and of quasi-static and dynamic evolutions of scaled Perona-Malik functionals. The scaling is chosen such that these energies Γ-converge to the Mumford-Shah functional by a result by Morini and Negri [20].
Introduction
The Perona-Malik anisotropic diffusion technique in Image Processing [22] is formally based on a gradient-flow dynamics related to the non-convex energy
where u represents the output signal or picture defined on Ω and K a tuning parameter. In the convexity domain of the energy function; i.e., if |∇u| ≤ K the effect of the gradient flow is supposed to smoothen the initial data, while on discontinuity sets where |∇u| = +∞ the gradient of the energy is formally zero and no motion is expected. In reality, such a gradient flow is ill-posed and even in dimension one we may have strong solutions only for some certain classes of initial data, or weak solutions which develop complex microstructure. However, the anisotropic diffusion technique is always applied in a discrete or semi-discrete context, where energy F PM is only a (formal) continuum approximation of some discrete energy defined on some space of finite elements or in a finite-difference context. Indeed, it is well known that convex-concave energies, which give illposed problems if simply extended from a discrete to a continuum context, are related to well-posed problems in a properly defined passage discrete-tocontinuum. In a static framework, the prototype of this argument dates back to the analysis of Chambolle [14] , who showed that the Blake-Zisserman weakmembrane discrete energy (involving truncated quadratic potentials) [5] can be approximated by the Mumford-Shah functional [21] . The latter functional (together with its anisotropic variants) is a common continuum approximation of a class of lattice energies with convex-concave energy functions, which also comprises atomistic energies such as Lennard-Jones ones [12] and the discretized version of the Perona-Malik functional itself as showed by Morini and Negri [20] (see also [7] Section 11.5). The approximation of these lattice energies is performed by considering the lattice spacing ε as a small parameter and suitably scaling the energies. In the case of the Perona-Malik discretized energy on the cubic lattice εZ n the scaled functionals | log ε| log 1 + | log ε| |u i − u j | 2 ε (u i denotes the value of u at i ∈ εZ n and the sum is performed on nearest neighbours) Γ-converge to a Mumford-Shah energy, with an anisotropic surface energy density in dimension larger than one [20, 7] . This means that the solutions to global minimization problems involving F ε , identified with their piecewise-constant interpolations, converge as ε tends to zero to the solutions to the corresponding global minimization problems involving the Mumford-Shah functional. Examples of such global minimum problems comprise problems in Image Processing with an additional lower-order fidelity term (typically an L 2 -distance of u from the input datum u 0 ).
In this paper we analyze how much this approximation procedure can be extended beyond the global-minimization standpoint by examining the onedimensional case. It is known that Γ-convergence cannot be easily extended as a theory to the analysis of the behaviour of local minima or to a dynamical setting beyond, essentially, the "trivial" case of convex energies [8, 9] . However, several recent examples suggest that for problems with concentration some quasistatic and dynamic models are compatible with Γ-convergence (such as for Ginzburg-Landau [24] or for Lennard-Jones [11] energies). We show that this holds also for one-dimensional quasistatic and dynamic problems obtained as minimizing movements along the family F ε [8] . They coincide with the corresponding problems related to the one-dimensional Mumford-Shah functional
defined on piecewise H 1 -function, where S(u) is the set of discontinuity points of u. We note the difficulty of the extension to dimension larger or equal than two, for which a characterization of minimizing movements for the Mumford-Shah functional is still lacking [1] .
In the quasistatic case, our analysis relies on a modeling assumption, that amounts to considering as dissipated the energy beyond the convexity threshold. Again, we show that the Mumford-Shah energy is an approximation of F ε also in that framework. For an analysis of the quasistatic case in dimension larger than one within its application to Fracture Mechanics we refer to [6] .
When local minimization is taken into account, then we show that indeed for some classes of problems the pattern of local minima of F ε differ from that of M s . The computation of the Γ-limit can nevertheless be used as a starting point for the construction of "equivalent theories", which keep the simplified form of the Γ-limit but maintain the pattern of local minima. This process has been formalized in [13] . In our case we prove the Γ-equivalence of energies of the form
with g a concave function with g (0) = 1 and g(w) ∼ 2 log w for w large. Another case in which the Mumford-Shah functional is not a good approximation of the scaled Perona-Malik is for the long-time behaviour of gradient-flow dynamics, as we briefly illustrate in the final section.
The scaled Perona-Malik functional
We consider a one-dimensional system of N sites with nearest-neighbour interactions. Let ε = 1/N denote the spacing parameter and let u := (u 0 , . . . , u N ) be a function defined on the lattice I ε = εZ ∩ [0, 1]. If taking ε as parameter, we also denote N = N ε .
We define the scaled one-dimensional Perona-Malik functional as
The behaviour of global minimum problems involving F ε as ε → 0 can be described through the computation of their Γ-limit. To that end, we define the discrete-to-continuum convergence u ε → u as the L 1 -convergence of the piecewise-constant interpolations u ε (x) = (u ε ) x/ε to u. [20] ). The domain of the Γ-limit of the functionals F ε as ε → 0 is the space of piecewise-H 1 functions on which it coincides with the Mumford-Shah functional M s defined in (2).
Theorem 1 (Morini and Negri
With the application of the Mumford-Shah functional to Fracture Mechanics in mind, by this result the Perona-Malik energy can be interpreted in terms of a mass-spring model approximation of Griffith brittle-fracture theory. We will then refer in what follows to the quantities u i − u i−1 (or w i in the notation introduced below) as "spring elongations".
As a consequence of Theorem 1 we easily deduce that minimum problems of the form
converge (both as minimum value and minimizers are concerned) to the minimum problem
The heuristic explanation of why the scaling in (4) gives the Mumford-Shah functional is as follows. If the difference quotient ε(u i − u i−1 ) is bounded then
which gives a discretization of the Dirichlet integral. Conversely, if at an index i we have |u i − u i−1 | 2 ∼ c > 0 (corresponding to a jump point in the limit) then
The actual proof of Theorem 1 is technically complex since the analysis of the two possible behaviours of discrete functions (as Dirichlet integral or as jump points) does not correspond exactly to examining the difference quotients above or below the inflection points (contrary to what can be done for truncated quadratic potentials [14] ). • It is convex in the interval [ 1, 1] and is concave outside.
• It is monotone incresing in (0, +1) and monotone decreasing in ( 1, 0).
• It is simmetric with respect to y-axis.
• There exists a constant c > 0 such that J(z) c z 2 for all |z|  1
Static
To begin the study of local minima of (2) we impose boundary conditions u 0 = 0 and u N = for some 2 R, . Stationarity conditions for (3) reads:
From now on we semplify the notation introducing
. Firstly we observe that we can limit our analysis to the case w i 0 for all i = 1, . . . , N: in fact J(z) is simmetric respect to y-axis, moreover for w i 0 also J 0 (w i ) 0, so that if w i 0 for some i then by (4) all the remaining must be non-negative. In the same way we can handle the case with w i < 0. Now we point out different cases:
• Suppose w i < 1 for all i , then the monotonicity of J 0 (z) in [0, 1] implies w i = w j for all i, j = 1, . . . , N. In particular, thanks to boundary conditions, we have that
This is a local minimum: in fact for w i < 1 the function is convex, which means that J 00 (w i ) > 0 for all i. We observe that when = 0 the only solution is the trivial one (w i ⌘ 0), which is a global minimum.
We observe that the difference between the energies of the configurations reads
and it is such that
This means that we have a maximum in s = 0, so that we cannot have a local minimum for such configuration.
• In case w i = 1 for some i then we have w j = 1 for all j, with the consequence that
. This is not a local minimum: consider the perturbed energy
then we observe that
The potential J and its derivative
We find it convenient to rewrite (4) in terms of the function
(see Fig. 1 ). The energy then reads
Note that the function J satisfies:
• it is an even function;
• it is monotone increasing in 3 Analysis of local minima Γ-convergence does not describe the behaviour of local minimum problems. In this section we compute energies defined on piecewise-H 1 functions which are close to F ε in the sense of Γ-convergence and maintain the pattern of local minima.
Local minima for F ε with Dirichlet boundary conditions
We first characterize local minima of (4) with Dirichlet boundary conditions u 0 = 0 and u N = λ for λ ∈ R.
The stationarity conditions for (5) read
for some σ ∈ R.
From now on we simplify the notation introducing the scaled variable
First, we observe that we can limit our analysis to the case w i ≥ 0 for all i = 1, . . . , N . In fact, J(z) is even; moreover, for w i ≥ 0 also J (w i ) ≥ 0, so that if w i ≥ 0 for some i then by (6) all the remaining w j must be non-negative. In the same way we can handle the case with w i < 0. Now we characterize local minimizers in some different cases.
• Suppose that w i < 1 for all i. Then the monotonicity of J in [0, 1] implies w i = w j for all i, j = 1, . . . , N . In particular, thanks to the boundary conditions, we have that
This is a local minimum. In fact, for w i < 1 the function is strictly convex, which means that J (w i ) > 0 for all i. We observe that when λ = 0 the only solution is the trivial one (w i ≡ 0), which is a global minimum.
• Not more than one index can satisfy w i > 1. Indeed, suppose that there exist two indices such that w 1 = w 2 (= w) > 1 and consider a perturbed configuration (v 0 , . . . , v N ) such that, denoting
We observe that the difference between the energies of the configurations is
and it is such that f (0) = 0 and f (0) = 2J (w) < 0. This means that we have a local maximum in s = 0, so that we cannot have a local minimum for such configuration.
• In case w i = 1 for some i then we have w j = 1 for all j, with the conse-
. This is not a local minimum. Indeed, consider the perturbed energy
Then we observe that
so that 0 is not a minimum for f .
• Finally, we take into account the case with only one index exceeding the convexity threshold. Suppose that there exists an index i such that
Then, thanks to the boundary conditions, we can rewrite the energy of the system asF
defined on the domain
To compute the values of w we impose thatF ε (w) = 0. This gives
We then obtain three solutions: w = ελ (and hence w i ≡ w 0 , which is not a local minimum) and
We observe that the solutions in (11) are both positive for λ > 2
1−ε
| log ε| but we need to check for which λ they belong to A. We get that
Since we are interested in local minima, we have to verify thatF ε (w i ) > 0, which means
Simple computations show that
So, we can finally state that, when an index exceeds the convexity threshold, there exist only a local minimum for λ > 2 
-equivalence
We want to point out some necessary conditions to compute functionals which are -equivalent to Perona-Malik (so that still converge to (1)) and mantain the same structure of local minima . It's usefull to recall the general definition of -equivalence( [2] ): Definition 1. Let ({F " } and {G " } be sequences of functionals on a separable metric space X. We say that they are equivalent by -convergence (or -equivalent) if there exists a sequence {m " } of real numbers such that, if F "j m "j and G "j m "j are -converging sequences, their -limits coincide and are proper (i.e., not identically +1 and not taking the value 1).
In our case we consider m " ⌘ 0 and we look for functionals of the form
with boundary conditions u (0) = 0, u + (1) = . . We also assume that the function g " has the same rescaling of the P erona Malik functional, so that
In order to have a functional G with the same structure of Perona-Malik's local minima, we have tho require that, if u is a minimizer, then #(S(u))  1. This condition surely holds when g is concave: in fact if z 1 ,z 2 are two points in S(u), then the function t ! g(w 1 + t) + g(w 2 t) is still concave.
To ensure -convergence of G " to M s we expect that
which means that g(w) ⇠ 2 log(w).
Finally we request the slope of g " in the origin to be • all functions u with u = 0, for which we have M s (u) = #(S(u)). Note that for λ = 0 we cannot have a local minimum of the second type with M s (u) = 1, while for all other λ we have no restriction on the number of jumps. A description of the energy of local minima in dependence of λ and compared with those of Perona-Malik energies is pictured in Fig. 2. (b) from the analysis above we trivially have that the (global) minimum energy in dependence of the boundary datum λ is min{λ 2 , 1}, achieved on the linear function u λ if |λ| ≤ 1 and on any function u(x) = λχ [x0,+∞) jumping in x 0 if |λ| ≥ 1.
Γ-equivalence
In this section we propose a "correction" to the Γ-limit of F ε . In place of M s we want to compute functions G ε such that
• G ε maintain the structure of M s ; i.e., they are defined on piecewise-H 1 functions and can be written as the sum of the Dirichlet integral and an energy defined on the jump set S(u);
• the structure of local minima of G ε is the same as that of F ε ;
• G ε and F ε are "equivalent" with respect to Γ-convergence. We recall the general definition of Γ-equivalence [8] .
Definition 1. Let {F ε } and {G ε } be sequences of functionals on a separable metric space X. We say that they are equivalent by Γ-convergence (or Γ-equivalent) if there exists a sequence {m ε } of real numbers such that, if F εj − m εj and G εj − m εj are Γ-converging sequences, their Γ-limits coincide and are proper (i.e., not identically +∞ and not taking the value −∞).
In our case this definition simplifies: we may consider m ε ≡ 0 and we look for functionals which Γ-converge to M s . We look for G ε of the form
with boundary conditions u − (0) = 0, u + (1) = λ. Furthermore, the scaling argument in the definition of F ε suggests to look for g ε with the same scaling of the Perona-Malik functional, so that
In order to have functionals with the same structure of local minimizers as Perona-Malik's, we have to require that, if u is a minimizer, then #(S(u)) ≤ 1. This condition surely holds when g is concave: in fact if z 1 ,z 2 are two points in S(u), then the function t → g(w 1 + t) + g(w 2 − t) is still concave. To ensure the Γ-convergence of G ε to M s we impose that
This is ensured by the condition lim w→+∞ g(w) 2 log(w) = 1.
Finally we require that g(0) = 0 and that the slope of g ε in the origin be 1/ ε| log ε|, which is the value after which it is energetically convenient to introduce a fracture (further details for this argument can be found in [10] ). This means that
ε| log ε| , which gives g (0) = 1. Summarizing, we have checked that the functionals G ε above are Γ-equivalent to F ε and maintain the same patter of local minima, provided that
• g : [0, +∞) → [0, +∞) is concave;
• g(0) = 0, g (0) = 1 and lim w→+∞ g(w) 2 log(w) = 1.
4 Quasi-static motion
In this section we compare quasistatic motion (also sometimes denoted as variational evolution) for F ε with that of the Mumford-Shah functional. We adopt as the definition of quasistatic motion that of a limit of equilibrium problems involving energy and dissipation with varying boundary conditions. For more general definitions and related discussion we refer to [19, 6, 8] .
We consider a sufficiently regular function h : [0, +∞) → R with h(0) = 0 and boundary conditions u 0 = 0, u N = h(t), which means that the function h is describing the position of the endpoint of the N -th spring.
Remark 2 (quasistatic motion of the Mumford-Shah functional with increasing fracture). In the framework of Fracture Mechanics, the Dirichlet integral in the Mumford-Shah functional is interpreted as an elastic energy and the jump term as a dissipation term necessary to create a crack. The dissipation principle underlying crack motion is that, once a crack is created, this jump term cannot be recovered. If we apply time-dependent boundary conditions u(0, t) = 0 and u(1, t) = h(t) then a solution is given by
where t h = inf{t : h(t) > 1} and x 0 in any given point in [0, 1] . With this definition the crack site K(t) = s≤t S(u(·, s)) is non-decreasing with t and u(·, t) is a global minimizer of the Mumford-Shah energy on (0, 1) \ K(t).
In the case of the Perona-Malik functional we do not have a distinction between elastic and fracture parts of the energy. We then assume the following dissipation principle, where those two parts are identified with the convex and concave regions of the energy function, respectively.
Dissipation Principle: if for some i the spring elongation w i in (7) overcomes the convexity threshold then the energy J(w i ) cannot be recovered.
In analogy with the case of the quasistatic motion of the Mumford-Shah functional, this principle will be translated into modifying the total energy on indices i for which w i have overcome the convexity threshold during the evolution process.
As mentioned above, the quasistatic motion of F ε can be defined through a time-discrete approximation as follows. The analogous procedure for M s produces the solutions for the quasistatic motion of M s as in Remark 2.
We fix a time step τ > 0, and for all k ∈ N we consider the boundary conditions u 0 = 0 and u N = h(kτ ), and the related "time-parameterized" minimum problems subjected to the Dissipation Principle stated above. We now analyze the properties of the corresponding solutions. For simplicity of notation we will consider the case when h ≥ 0.
Note preliminarily that by the convergence of the global minima of F ε to those of M s subjected to Dirichlet boundary conditions, we deduce the existence of a thresholdh ε beyond which it is energetically convenient that one elongation w i lies in the concavity domain of J. Note thath ε → 1 as ε → 0.
We can point out different behaviours as follows
• If for all k < k we have |h(k τ )| ≤h ε then the dissipation principle is not enforced and the corresponding solution u k is the only minimizer for the energy (5) corresponding to the interpolation of the linear function h(kτ )x. Its energy is
• Now suppose that at some k we have |h(k τ )| >h ε . It is not restrictive to suppose that h(k τ ) > 0 (the negative case being treated symmetrically). Then, there exists an index i such that the w i corresponding to the solution exceeds h ε . Without losing generality we will suppose i = N .
We have two possibilities. 1. If h((k + 1)τ ) > h(k τ ) then we have to minimize
under the boundary conditions u 0 = 0, u N = h(kτ ). Note that we have used the convexity of J to simplify the contribution of the first N − 1 interactions. Indeed, in this case their common elongation is
The previous considerations show that there exists a unique minimizer for h(kτ ) > 2 (1 − ε)/| log ε| and, denoted
the energy reads
We can iterate this process as long as k → h(kτ ) increases. Note that in this case the application of the Dissipation Principle does not change the minimum problems since all J(w j ) are increasing with k; 2. The function k → h(τ k) has a local maximum atk. In this case the Dissipation Principle does force a change in the minimization problem. As long as h(τ k) ≤ h(τk) we have to minimize
with boundary conditions u 0 = 0 and u N = h(kτ ) (k >k, otherwise we are in the same assumption of (1)). Considering the part ( * ) in (16) for the last term ensures that the energy spent for the elongation of the N -th spring is not reabsorbed. We denotew
and rewrite (16) as
In particular, we note that, when w k <w, minimizing (17) is equivalent to minimize the contribution of the first N − 1 springs. Due to the convexity of the function J on the N − 1 springs, the energy reaches the minimum value for the minimum value of z k . Now observing that
the minimum is reached for
so that the energy reads
otherwise.
This description holds as long as |h(kτ )| ≤ h(kτ ), after which we return to case 1 above.
Remark 3 (comparison with the Mumford-Shah quasistatic motion). We can test the quasistatic behaviour of the Perona-Malik system at fixed ε with h(t) = t 0 − |t − t 0 |, and t 0 > 1, so that t 0 >h ε for ε small enough. If E 
where t 1 , t 2 > t 0 are satisfy h(t 1 ) =w and h(t 2 ) = −w. The values E k τ,ε in dependence of h(t) lie in the curves pictured in Fig. 3 .
As τ → 0 and ε → 0 the piecewise-constant functions defined by E τ,ε (t) = E t/τ τ,ε converge to E given by
In fact for kτ ≤h ε the energy E k τ,ε reads 1 ε| log ε| J h(kτ ) ε| log ε| = 1 ε| log ε| log 1 + h 2 (kτ )ε| log ε|
For kτ >h ε the contribution of the N − 1 springs in the convex part vanishes. We make the computation only for one contribution, the others being analogous:
Finally, the spring in the non-convex part gives a constant contribution:
The energy E(t) corresponds to the energy of the quasistatic motion of the Mumford-Shah functional with increasing fracture. More general h can be treated analogously
Dynamic analysis
We will make use of the method of minimizing movements along the sequence of functionals F ε at a scale τ = τ ε → 0 [8] . With varying τ , minimizing movements describe the possible gradient-flow type evolutions along F ε . When ε → 0 fast enough with respect to τ then we obtain a minimizing movement for the Γ-limit of F ε ; i.e., in our case for the Mumford-Shah functional. In analogy with the result of Braides et al. [11] we will prove that the restriction that ε → 0 fast enough may be removed, so that we may regard the Mumford-Shah functional as a dynamic approximation for F ε . For further properties of minimizing movements for a single energy we refer to [3] .
In this section it is useful to express (5) in the following way: we define f ε : R → R + by f ε (u) = 1 ε| log ε| J ε| log ε|u and rewrite F ε (u) as
Remark 4. If u : I ε → R then, with a little abuse of notation, we will denote with u also the piecewise-constant extension defined by u(x) = u x/ε .
A compactness results
The paper [11] analyzes the dynamic behaviour for functionals similar to (19) , up to a scaling factor, but with J(z) = min{z 2 , 1} (Blake and Zisserman potential), which has a convex-concave form similar to the Perona-Malik potential. A crucial argument in that paper is an observation by Chambolle [14] which allows to identify each function u with a function v such that F ε (u) = M s (v) and v is ε-close in L 1 -norm to u. In this way the coerciveness properties for the Mumford-Shah functional imply compactness properties for sequences with equibounded energy.
The Chambolle argument simply identifies indices i such that (u i − u i−1 )/ε is not in the 'convexity region' for the corresponding f ε with jump points of v. This argument is not possible in our case. Indeed, let ε n → 0 be a vanishing sequence of indices, and let u n : I εn → R be such that
• {u n } is e sequence of equibounded functions;
and consider the Chambolle interpolation
Then the set of jump points of w n (x) may not be bounded as n → ∞, since the only estimate we may have is
so that
In order to avoid this obstacle we need to modify the previous sequence. To that end it is useful to briefly recall some results due to Morini and Negri [20] . Lemma 1. Let p(ε) > 0 be such that lim ε→0 + p(ε) = 0 and
We define b ε := (ε| log ε|)
. Denoted b n = b εn and c n = c εn , we define the following sets
where m n := #I 1 n (u n ). The sequence {u n } may be modified into a sequence {ũ n } such that
To that end we define by induction the following sequence
for k = 0, . . . , m n − 1, and then we setũ n := v mn n . This sequence satisfies all our requests (see [20] ).
Remark 5. It is worth noting that
We now consider the following sets
and the extensionw n of the functionũ n on [0, 1] such thatw n is the affine interpolation ofũ n on I 2 n and it is piecewise-constant on I 3 n .
We remark that I εn = I 2 n ∪ I 3 n , so thatw n is defined for all x.
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We note thatw n still converge to u n in L
1
. Moreover it can be proved (see [20] ) that for a fixed δ << 1 there exists anε such that for ε n ≤ε it holds
where S(w n ) is the set of jump points ofw n . Collecting (25) , (26) and using the coerciveness properties of the MumfordShah energy [2] , we have the following lemma.
Lemma 2. Let ε n → 0 be a sequence of vanishing indices, {u n } be an equibounded sequence of functions u n : I εn → R such that sup n F n (u n ) ≤ M for a constant M > 0. Letw n be as in (25) and suppose that (26) holds. Then, up to a subsequence, there exists a function u ∈ SBV ([0, 1]) such that
Moreover, D jw n D j u weakly-* in the sense of measures.
Remark 6. The previous lemma implies that the sequence {u n } converges to u in L 2 (0, 1). Indeed, {u n } are equibounded and w n −u n 1 → 0 for construction, so that there exists a subsequence in L ∞ (0, 1) which converges to u a.e. The result follows now from Lebesgue's dominated convergence theorem. Now, the L 2 -convergence of u n implies the L 2 -convergence of w n defined in (20) . Indeed, recalling Remark 4 it holds that for every x ∈ [0, 1]
Moreover a simple computation as follows shows that {w n } is equibounded in L 2 (0, 1):
Hence, there exists a subsequence weakly converging in L 2 (0, 1). By an integration by parts argument, up to subsequence, we have
The behaviour of points which are above the convexity threshold is of particular interest and it is described in the following lemma.
Lemma 3. Let {u n } be as in Lemma 2 and w n as in (20) , then, up to subsequence, for everyx ∈ S(u) there exists a sequence {x n } converging tox such that x n ∈ S(w n ) and lim
Proof. We observe that S(w n ) ⊂ S(w n ) and that Lemma 2 holds forw n , so that we can apply the same proof as in Lemma 2.4 [11] . Instead, for points in S(w n )\S(w n ) it holds that lim n→+∞ x∈S(wn)\S(wn)
where in the last inequality we use (21).
Minimizing Movements
With fixed ε and τ = τ ε , from an initial state u ε 0 : I ε → R, we define the sequence
We define the piecewise-constant extension u ε,τ :
and take the limit (upon extraction of a subsequence) for both parameters ε → 0 and τ → 0. A limit u is called a minimizing movement along F ε at scale τ = τ ε . Observe that in general the limit will depend on the choice of ε and τ .
We now state some properties of minimizing movements [8] .
Proposition 1. Let F ε be as in (19) and u k be defined as above. Then for every k ∈ N it holds that
From (19) and (31) we obtain the following optimality conditions. Proposition 2. Let {u k } k be a sequence of minimizer of (31). Then we have
On the initial states u 0 ε we make the following assumptions.
F (u 0 ε ) ≤ M for some M > 0 and for every ε > 0.
Under these hypothesis it is possible to prove the following result.
Theorem 2. Let {ε n }, {τ n } → 0. Let v n = u εn,τn be defined as in (32) and considerṽ n its extension by linear interpolation as in (20) . Then there exist a subsequence of {v n } and a function 1) ) and a.e. in (0, 1) × (0, T ) for every T ≥ 0;
2) for all t ≥ 0 the function u(·, t) is piecewise-H 1 (0, 1) and
for everyx ∈ S(u(·, t)) there exist a subsequence {v n h } (which can also depend on t) and a sequence (x h ) h converging tox such that x h ∈ S(ṽ n h ).
Proof. We will only give a brief sketch of the proof since it follows strictly the one in [11] . For fixed t ≥ 0 the equiboundedness of initial data guarantees that also F ε (v n (·, t)) is bounded, so that we are in the hypotheses of the previous section and we can apply the same construction to the sequence {v n (·, t)} n . Having in mind (27) and (29), this shows that up to subsequences,ṽ n (·, t) is converging in L 2 (0, 1) to a function u(·, t) piecewise-H 1 (0, 1) and also (ṽ n ) x (·, t) is weakly converging in L 2 (0, 1) to u x (·, t). Now, a well-known result for minimizing movements (for example [8] , [11] ) proves that
that in the limit becomes
with C independent form both t and s. So that the limit function u belongs to
for T > 0 fixed, consider M ∈ N and t j = jT /M for j = 0, . . . , M . Then for every t ∈ [0, T ] there exists a j = 0, . . . , M such that t j−1 < t < t j , so we have that
Since v n (·, t) is a converging sequence to u(·, t), for n >> 1 it is possible to find an η << 1 such that v n (·, t j−1 ) − u(·, t j−1 ) 2 ≤ η for all n ≥ n. Finally, we have that
for all n ≥ n, which means
and the claims now follows from the arbitrariness of M and η.
We conclude observing that (3) follows from Lemma 3.
Computation of the limit equation
Consider now two sequences of indices {ε n } → 0, {τ n } → 0 (to simplify the notation from now on we will write ε instead of ε n and similarly τ instead of τ n ). We define the function
Proposition 3. If φ n is defined in (38), then for every t ≥ 0 we have
Moreover, for every T > 0 the sequence {φ n (·, t)} is uniformly bounded in
Proof. Let t ≥ 0 fixed, v n := v εn andṽ n :=ṽ εn be as defined in Theorem 2. Consider the function
From (21) and Proposition 1 we get that
which means that the sequence is L 2 -bounded. Moreover,
This prove that
We now obtain a similar result for (1 − χ n )φ n (·, t). First at all we observe that
This means that
Using a Taylor expansion of f ε in a neighbourhood of the origin we get
for some ξ n ∈ [0, (ṽ n ) x (x, t)], so that f ε ((ṽ n ) x (x, t)) = 2(ṽ n ) x (x, t) + 1 2 ε| log ε|J ( ε| log ε|ξ n )((ṽ n ) x (x, t)) 2 .
Moreover, recalling (40), we have
ε| log ε| ≤ (ṽ n ) x (x, t) ≤ 1 ε| log ε| , so that the sequence ε| log ε|(ṽ n ) x (x, t) is bounded, as is J ( ε| log ε|ξ n ). From this, it follows that there exists a constant C > 0 such that |f ε ((ṽ n ) x (x, t))| ≤ C|(ṽ n ) x (x, t)|.
Now, fix T > 0 and t ∈ [0, T ]. We proved in (28) that (ṽ n ) x (x, t) is bounded in L 2 (0, 1) and from the above inequality this implies that also f ε ((ṽ n ) x (x, t)) is bounded in the same space. So there exists at least a subsequence weakly converging in L 2 (0, 1). We will show that the entire sequence is weakly convergent, i.e. f ε ((ṽ n ) x (x, t)) 2u x (x, t) in L 2 (0, 1).
Recalling now Theorem 2, we observe that in (41) the right-hand side is weakly converging to 2u x (x, t) in L 1 (0, 1). Indeed, notice that J (0) = 0 and (ṽ n ) x (x, t) is equibounded in L 2 (0, 1). Hence, we can conclude that φ n (x, t) 2u x (x, t) in L 2 (0, 1).
Finally we have that • χ n φ n is uniformly bounded in L 2 (0, 1); • (1 − χ n )φ n is itself uniformly bounded because it is f ε ((ṽ n ) x (x, t)). This means that also φ n (x, t) is uniformly bounded in L 2 (0, 1).
We can improve the result above. In particular, we may deduce which boundary conditions are satisfied by the weak-limit of φ n (x, t). To that end, in the following, we extend definition (32) by setting
Theorem 3. Consider a sequence of function v n as defined in Theorem 2. Let u be its strong limit in L 2 (0, 1), then 1) u x (·, t) ∈ H 1 (0, 1) for a.e. t ≥ 0 and (u x ) x ∈ L 2 ((0, 1) × (0, T )) for every T > 0;
2) for a.e. t ≥ 0 the function u satisfies the boundary conditions u x (0, t) = u x (1, t) = 0 and u x (·, t) = 0 on S(u(·, t)).
Proof. Let φ n be the linear interpolation of the function φ n defined in (38). Our first claim is that φ n J (0)u x (x, t) in H 1 (0, 1). We recall that, from Proposition 1, it holds Using the optimality conditions in Proposition 2 and the extension (42), we get
Taking the extension by linear interpolation φ n on I ε into account, we rewrite the previous estimate as
so that for δ > 0 and τ < δ we obtain
By Fatou's Lemma 
Let t be such that the previous inequality holds and consider a subsequence ( φ n k ) x (x, kτ ) such that
Then there exists C independent of k such that
We recall that, by Proposition 3, in L 2 (0, 1) we have φ n (·, t) φ(·, t) = J (0)u x (·, t) in (0, 1) 0 otherwise.
